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Abstract. Let M be a W*-algebra and let LS(M) be the algebra of all 
locally measurable operators affiliated with M. It is shown that for any self- 
adjoint element a £ LS{A4) there exists a self-adjoint element c from the 
center of LS(M), such that for any e > there exists a unitary element u e 
from M, satisfying \[a, u E ]\ > (1 — e)\a — c \. A corollary of this result is that 
for any derivation 8 on JV[ with the range in a (not necessarily norm-closed) 
ideal / C M, the derivation 8 is inner, that is <5(-) = 8 a (-) = [a, •], and a a I. 
Similar results are also obtained for inner derivations on LS(M). 

1. Introduction 

Let M be a VK*-algebra and let Z(M) be the center of M. Fix a G M and 
consider the inner derivation S a on M. generated by the element a, that is S a (-) := 
[a, ■]. Obviously, S a is a linear bounded operator on (M, ||.||yw), where \\.\\m is a 
C*-norm on M.. It is well known (see e.g. [20j Theorem 4.1.6]) that there exists 
c € Z(M) such that the following estimate holds: ||i5 a || > \\a — c\\m- In view of this 
result, it is natural to ask whether there exists an element y S A4 with ||y|| < 1 
and c e Z(M) such that \[a,y)\ > \a — c|? 

The following estimate easily follows from the main result of the present article: 
for every self-adjoint element a £ M. there exists an element c G Z(Ai) and the 
family {u £ } e >o of unitary operators from M. such that 

(1) \S a {Ue)\> (l-e)|o-c|, V£>0. 

The estimate above is actually sharp and, with its aid, we shall easily show (see 
Corollary [3] below) that every derivation 5 on M. taking its values in a (not necessary 
closed in the norm ||.||x) two-sided ideal IcM has the form S — 5 a , where a G /. 
This result can be further reformulated in two equivalent forms (Corollary |4] and 
[5]) yielding generalizations and complements to classical results of J. Calkin [5] and 
M.J. Hoffman [TT] obtained originally for the special case when M. coincides with 
the algebra B(H) of all bounded linear operators on a Hilbert space H . It should 
be pointed out that our approach to the proof of Corollaries 0] and [5] is based on 
the estimate ([T]) and appears to be more direct than those employed in [5] and [11] . 
In Section [3] below we present a number of other extensions of results from [SJ [TT] , 
in particular to ideals of measurable (unbounded) operators, which significantly 
extend recent results from [TJ [5] obtained under an additional assumption that M. 
is of type /. 

Further, we recall the following well-known problem, which is also somewhat 
relevant to our discussion of derivations taking values in ideals. 

Let M be a von Neumann subalgebra of the von Neumann algebra Ai and let 
I be an arbitrary (two-sided) ideal in M.. What conditions should be imposed on 
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A4, Af, I to guarantee that for every derivation 6 : N — > I there exists a G I so 
that the equality 6 = S a holds? 

Different partial solutions of this problem can be found [T^l El [H] . In the present 
paper we present a positive solution in the special case when M is an arbitrary von 
Neumann algebra and when TV = A4. Let us note that if, in addition, we assume 
that the ideal / is closed with respect to the norm ||.||,m, then the positive solution 
can be obtained directly from the Dixmier approximation theorem (see e.g. |20[ 
Theorem 2.1.16]). However, the latter theorem is inapplicable when the ideal I is 
not closed in the C*-norm on A4. 

Analogous (but much harder) questions to those discussed above can be also 
reformulated in a more general setting of the theory of non-commutative integration 
initiated by I.E. Segal [23] (for alternative approach to this theory, see E. Nelson's 
paper [18]). In these reformulations (see e.g. [2j|3]), the W*-algebra M is replaced 
with a larger algebra of 'measurable' operators affiliated with A4 and the ideal I 
in A4 is replaced with an ideal of measurable operators. The most general algebra 
considered in the theory of noncommutativc integration to date is the classical 
algebra LS(Ai) (see [21]) of all locally measurable operators affiliated with A4 (all 
necessary definitions arc given in Section [2] below) . It is important to emphasize 
that our methods are totally different from the methods employed in [5J [TTJ [T^J H7J 
dH [TJ [5] and are strong enough to enable us (see Theorem [T] and Corollaries 1811 II 
below) to resolve all these questions also in the setting of the algebra LS(M). A 
number of such applications to symmetric spaces of measurable operators (some of 
them are in spirit of papers [5j [ITJ [TT1 [TJ [2]) are presented in Sectional 

Our main result in this paper is the following theorem. 

Theorem 1. Let M be a W* -algebra and let a = a* € LS(M). 

(i) If M is a finite W* -algebra or else a purely infinite a -finite W* -algebra, then 
there exists c = c* G Z(LS(A4)) and u a = u* G U(A4), such that 

(2) \[a,u }\ = <|a-c |w + \a-c \, 

where U(M) is the group of all unitary elements in M; 

(ii) There exists c a — c* G Z(LS(A4)), so that for any e > there exists u e = 
u* G U(M) such that 

(3) IK«e]| > (1- e)\a - c |. 

The main ideas of the proof of Theorem [1] are firstly demonstrated in Section 0] 
and then presented in full in Section [5j The proof of Theorem [T] in the special case 
when A4 is a factor can be also found in our earlier paper [3]. We point out that 
the proof in the general case has required a significant new technical insight and 
that our direct approach may be of interest in its own right (not in the least due 
to the fact that we do not use any complicated technical devises such as Boolean 
valued analysis and direct integrals). 

Remark 2. Observe that the equality ([5J trivially yields the estimate @ even for 
the case e = 0. Nevertheless, the result of Theorem\^ii) is still sharp. Indeed, if 
A4 is an infinite semifinite a -finite factor, then there exists a self-adjoint element 
a G LS(A4) such that for every X G C andu G U(A4) the inequality \ [a,u) \ > a— Al 
fails (3J. Hence, the multiplier (1 — e) in the part (ii) of Theorem^ can not be 
omitted. 
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2. Preliminaries 

For details on von Neumann algebra theory, the reader is referred to e.g. [6], 
[T5] . [2"0] or [2BJ. General facts concerning measurable operators may be found in 
[18], [23] (see also [27] Chapter IX]). For the convenience of the reader, some of the 
basic definitions are recalled. 

Let Ai be a von Neumann algebra on a Hilbert space H . The set of all self-adjoint 
projections (respectively, all unitary elements) in Ai is denoted by P (Ai) (respec- 
tively, U (Ai)). We use the notation s(x), l(x), r(x), c(x) to denote the support, left 
support, right support, central support respectively of an element x G Ai. 

Let p, q G P(Ai). The projections p and q are said to be equivalent, if there 
exists a partial isomctry v G Ai, such that v*v = p, vv* = q. In this case, we write 
p r~i q. The fact that the projections p and q are not equivalent is recorded as p q. 
If there exists a projection q\ £ P (Ai) such that < p, q\ ~ <j, then we write 
q diP- If <7 ^ P and p ^ q, then we employ the notation q < p. 

A linear operator a; : 25 (x) — >■ i? , where the domain 2) (x) of x is a linear subspace 
of H , is said to be affiliated with .A/f if yx C xy for all y G .M' (which is denoted 
by xr\Ai). A linear operator x : 2? (x) — > i7 is termed measurable with respect to 
A4 if x is closed, densely defined, affiliated with Ai and there exists a sequence 
{Pn)^ = i in -P (Ai) such that p n ^ 1, p n (H) C 25 (x) and is a finite projection 
(with respect to Ai) for all n. It should be noted that the condition p n (H) C 25 (x) 
implies that xp n G Ai. The collection of all measurable operators with respect to 
Ai is denoted by S (Ai), which is a unital *-algebra with respect to strong sums 
and products (denoted simply by x + y and xy for all x, y G S (Ai)). 

Let a be a self-adjoint operator affiliated with Ai. We denote its spectral measure 
by {e a }. It is known if x is a closed operator in H with the polar decomposition 
x = u\x\ and x^A-l, then u G Ai and e G Ai for all projections e G {e' x l}. Moreover, 
x G S^A^f) if and only if x is closed, densely defined, affiliated with Ai and e'^A, oo) 
is a finite projection for some A > 0. It follows immediately that in the case when 
Ai is a von Neumann algebra of type 177 or a type I factor, we have S(Ai) = Ai. 
For type 7T von Neumann algebras, this is no longer true. 

A operator x G S (Ai) is called r- measurable if there exists a sequence {Pn}^ = i 
in P (Ai) such that p n f 1, p„ (£T) C 25 (x) and r (p^) < oo for all n. The collection 
5 (t) of all r-measurable operators is a unital *-subalgebra of S (Ai) denoted by 
S (A4,t). It is well known that a linear operator x belongs to S (Ai, r) if and only 
if x G S(Ai) and there exists A > such that T(e' a: '(A, oo)) < oo. 

A closed operator xr]Ai is called locally measurable if there exists a sequence 
{^nl^Li °f central projections in Ai such that z„ | 1 and xz n G S(Ai) for any 
n G N. The collection of all locally measurable operators with respect to Ai is 
denoted by LS (Ai), which is a unital *-algebra with respect to strong sums and 
products (denoted simply by x + y and xy for all x, y G LS (Ai)). 

It follows directly from the definition of local measurability, that every mea- 
surable operator c with respect to Z(Ai) is a locally measurable operator and so 
S(Z(M)) G Z(LS(M)). On the other hand, if c G Z(LS(M)) and c = v\c\ is a 
polar decomposition for c, then v G Z(Ai) and the spectral family ej^' of |c| belongs 
to Z(M) as well. This means that |c| G S(Z(A4)). Hence, c = u|c| G S(Z(M)). 
So, we have 



= S(Z(M)). 
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In particular, *-algebra Z(LS(Ai)) is ^-isomorphic to the commutative *-algebra 
L°(f2, of all measurable complex valued functions on a measurable space with 
a locally finite measure [23] . 

Suppose now that two von Neumann algebras Ai and M are ^-isomorphic. In this 
case, it follows from [28] that the algebras LS(Ai) and LS(M) of locally measurable 
operators affiliated with von Neumann algebras Ai and Af respectively are also *- 
isomorphic. Assuming now that Ai is an arbitrary W'-algebra and Af is a von 
Neumann algebra ^-isomorphic with Ai, we see that the algebra LS(Af) is uniquely 
defined up to ^-isomorphism. In view of this observation, the algebra LS (Ai) of 
all locally measurable operators affiliated with an arbitrary JF*-algebra Ai is well 
defined. 

3. Applications to derivations and essential commutants 

Recall that a derivation on a complex algebra A is a linear map S : A — > A such 
that 

5 (xy) = 5(x)y + x5 (y) , x,y e A. 

If a G A, then the map 8 a : A — > A, given by 6 a (x) = [a, x], x G A, is a derivation. 
A derivation of this form is called inner. In this section we demonstrate a number 
of corollaries from Theorem [T] to inner derivations on the algebra A (in the setting 
when A = Ai or A = LS (Ai)) taking value in some two-sided ideal in A. 

3.1. Applications to ideals in Vt / *-algebras. Our results here extend those in 
[3 [11]. We are also motivated by results in [H ] Wf \ H"9] . 

Corollary 3. Let Ai be a W* -algebra and let I be an ideal in Ai. Let S : Ai — > L 

be a derivation. Then there exists an element a £ I, such that 5 = S a = [a, ■]. 

Proof. Since 6 is a derivation on a H / *-algebra, it is necessarily inner [20[ Theorem 
4.1.6]. Thus, there exists an element d G Ai, such that £(•) = Sd(-) = [d,-]. It 
follows from our hypothesis that [d, Ai] C I. 

Using [3] Lemma 7], we obtain [d*,M] = —[d,M]* C I* = I and [d k ,M] Q 
I, k = 1,2, where d = d\ + id2, dk = d* k G Ai, for k = 1,2. It follows now 
from Theorem [1] that there exist C\,ci G Z(Ai) and Ui,v,2 G U(Ai), such that 
|[dfc,Ufe]| > l/2\dk — Cfe| for k = 1,2. Again applying [3] Lemma 7], we obtain 
dk — Cfc G /, for k = 1, 2. Setting a := — Ci) + i(c?2 — C2), we deduce that a £ I 
and (5 = [a, ■]. □ 

Corollary [3] can be restated as follows. 

Corollary 4. Let Ai be a W* -algebra, let I be an ideal in Ai and let it : Ai — > Ai / 1 

be a canonical epimorphism. Then (center (Ai / 1)) = Z(Ai) + I 

Proof. Let a G 7r _1 (center (At / '/)). Then [a,x] = ax — xa G I for any x G Ai. 
Therefore the inner derivation 8 a satisfies the condition of Corollary [3] Then there 
exists an element c G Z(Ai) such that a + c G I. Therefore a G Z(Ai) + I, that is 
n^ 1 (center (Ai / 1)) C Z(Ai) + I. The converse inclusion is trivial. □ 

In the special case when = B(H), where is a separable Hilbcrt space the 
result of Corollary [4] coincides with that of [5] Theorem 2.9]. Thus, we can view 
Corollary [4] as an extension of the classical Calkin theorem to arbitrary Vl 7 *-algebras. 
This result has the following "lifting" interpretation. Let <f> be an epimorphism from 



COMMUTATOR. ESTIMATES IN W* -ALGEBRAS 



5 



W*-algebra Ai on an arbitrary algebra A and let a be an element from the center 
of the algebra A. Then there exist an element z £ Z(Ai) such that <fi(z) = a. 

Let us give another important corollary of Theorem [1] related to the notions of 
essential commutant and multiplier ideals [TTJ. To this end, let us fix a W / *-algebra 
Ai and two self-adjoint ideals /, J in Ai. We set 

I : J = {x E M : xj C 1} 

and 

D(J, I) = {xGM: [x, y] El,VyE J}. 

Observe that J : J is an ideal in Ai. In particular, (/ : J)* = I : J = {x E Ai : 
Jx C /}. 

Corollary 5. For any W* -algebra Ai and any ideals I, J in Ai we have 

D(J,I) = I : J + Z{M). 

Proof. Let a E I : J, c E Z(M), b E J. Then [a + c, b] = [a,b] = ab — ba £ I — I <Z I, 
that is a + c E D(J, I). Therefore I : J + Z{M) C D(J, I). 

In order to prove that D(J,I) C I : J + Z(Ai), fix an element a E D(J,I). 
For an arbitrary x E J, y E Ai, we have x[a,j/] + [a,x]y = xay — xya + axy — 
xay = [a,xy] E [a, J] C /, [a,x]y E Iy C /. Hence, x[a,y] E I. Since x is an 
arbitrary element from J, we obtain [a,y] E I : J and so [a,.M] C I : J. Now, 
it follows from Corollary [3] that a + c S I : J for some c E Z(Ai). Consequently, 
a= (a + c) - cE I : J + Z{M). □ 

In the special case, when Ai = B(H), the result of Corollary |4] coincides with 
that of [Hi Theorem 1.1]. The proof given there does not extend to arbitrary von 
Neumann algebras and is spelt out only for the case of a separable Hilbert space H 
(the case of a nonseparable H requires a substantial effort outlined in |TT]). The 
proof given above works for an arbitrary M / *-algebra Ai and hence for an arbitrary 
von Neumann algebra represented on an arbitrary Hilbert space. 

Classical examples of normed ideals / satisfying the assumptions of Corollary [3] 
above are given by symmetric operator ideals [9j E21 [21] . 

Definition 6. A linear subspace X in the von Neumann algebra Ai equipped with 
a norm || ■ \\x is said to be a symmetric operator ideal if 

(1) \\S\\x > \\S\\ for allS El, 

(2) \\S*\\i= \\S\\ x for allS El, 

(3) ||ASB|| Z < ||A|| ||S||i||B|| for all S El, A,B E M. 

Observe, that every symmetric operator ideal I is a two-sided ideal in Ai, and 
therefore by O 1.1.6, Proposition 10], it follows from < S < T and T e I that 
S El and ||5||i< ||T||z. 

Corollary 7. Let Ai be a W* -algebra, let I be a symmetric operator ideal in Ai 
and let 5 : Ai — >• / be a self-adjoint derivation. Then there exists an element a E I , 
satisfying the inequality \\a\\i < ||<5||a4->/ and such that 5 — 5 a = [a, •]. 

Proof. Firstly, we observe that ||<5||a4->/ < oo. Indeed, we have 5 = S a , a E I and 
therefore ||<5(x)||/ = \\ax — xa\\i < \\ax\\i + \\xa\\i < 2||a||/||a;||x, that is < 
2||a||j < oo. 
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Let now 8 be a self-adjoint derivation on M, that is <$(•) = Sd(-) = [d, •] for some 
d G M, such that [d, x}* = [d, x*] for all a; G .M. We have x*d* — d*x* = da;* — a;*d, 
that is, + d) = (d* + d)x* for all a; G M.. This immediately implies 9te(d) G 

Zh(A4) and so, we can safely assume that <5 = J,-^ = [i-d, •], where d is a self-adjoint 
operator from AL Fix e > and let Co G Zh(Ai), u e G f/(jVf) be such that 

|[d,« e ]| > (l-e)|d-co|. 

The assumption on (/, || ■ ||) guarantees that (1— — co||j < ||<5(u e )||j < ||<S|| wi-s./- 
Since e was chosen arbitrarily, we conclude that ||d — cq||/ < ||<5||ai^/- Setting 
a = i(d — co) completes the proof. □ 

If the von Neumann algebra M. is equipped with a faithful normal semi-finite 
trace r, then the set 

C p (M) = {S EM: t{\S\ p ) < 00} 
equipped with a standard norm 

\\Sh P (M)= max{||S|| B (H), r(\S\n 1/p } 

is called Schatten-von Neumann p-class. In the type / setting these are the usual 
Schatten-von Neumann ideals of compact operators [H [9l [22l [24] . The result of 
Corollary [7] complements results given in j!7i Section 6] , where derivations from 
some subalgebras of M. into Schatten-von Neumann p-classes were studied. 

3.2. Applications to ideals in LS(Ai). We begin by proving an analogue of 
Corollary [3] for ideals of (unbounded) locally measurable operators. The following 
result significantly strengthens [21 Proposition 6.17] where a similar assertion was 
established under additional assumptions that M = Loo(z/)<g)£?(if) (here, Loo(^) is 
an algebra of all bounded measurable functions on a measure space) and A is an 
absolutely solid algebra such that M. C A. Similarly, the result below complements 
the main result of jj). which considered the case of an arbitrary von Neumann 
algebra M of type I and algebras A = S(M,t), S(M),LS(M). Our approach 
here is completely different from techniques used in [TJ [2] which crucially exploited 
structural results describing type / von Neumann algebras. 

Corollary 8. Let A4 be a W* -algebra and let A be a linear subspace in LS{M), 
such that A* = A, x G A \x\ G A, 0<x<y£A=>xtA. Fix a G LS(M) 
and consider inner derivation 8 = S a on the algebra LS(A4) given by 8(x) = [a,x], 
x G LS{M). If S(A4) C A, then there exists an element d G A such that 8{x) = 
[d, x] . 

Proof. Let a = a\ + ia-i, where a\ = 5He(a) and 02 = 3m(a). We have 2[eti,a;] = 
[a + a*,x] = [a, x] - [a,x*\* = A— A* C A for any x E M. Analogously, [a 2 , x] G A 
for any x E A4. By Theorem[lJ there is a element Ck E Zh{LS(M)) and a unitary 
element E U(M), such that \[ak, Uk]\ > l/2|afc — Ck\ for k = 1, 2. The assumption 
on A guarantees that ak — Ck E A, for k = 1, 2. Setting d = (ai — ci) + i(ai — C2), 
we deduce that d E A and 8 = [d, ■]. □ 

Consider the following classical example (see e.g. [TJJ Lemmas 3.1 and 3.2]): 
A4 = B(H) and A is the algebra of all compact operators on H. Suppose that 
an element a = a* G A4 is such that 8 a : M — >• A. Then the result of Corollary 
asserts that there exists A G M such that a — Al is a compact operator. An 
important example extending this classical result can be obtained as follows. Let a 
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semi-finite von Neumann algebra M be equipped with a faithful normal semi-finite 
trace r. Let x £ S(M,t). The set Sq(M,t) of all r-compact operators in LS(M) 
is defined as the subset of all x £ S(A4,t) such that lim^oo ^ t (x) = (see the 
definition the generalized singular value function [i below). The result of Corollary 
[8]asserts, in particular, that for any a £ LS(M) such that S a : LS(A4) — > So(A4, t) 
there exists an element c £ LS(Z(M)) such that a — c £ Sq(A4, t). 

Numerous examples of absolutely solid subspaces A in LS(M) satisfying the 
assumptions of the preceding corollary are given by .M-bimodules of LS(A4). 

Definition 9. A linear subspace E of LS(M), is called an M.-bimodule of local 
measurable operators if uxv £ E whenever x £ E and u,v £ M. If an Ai-bimodule 
E is equipped with a (semi-) norm \\-\\ E , satisfying 

(4) \\uxv\\ E < \\u\\ M \\v\\ M \\x\\ E , x£E,u,v£M, 

then E is called a (semi-) normed ftA-bimodule of local measurable operators. 

We omit a straightforward verification of the fact that every .M-bimodule of 
locally measurable operators satisfies the assumption of Corollary El 

The best known examples of normed .M-bimodules of LS (M) are given by the 
so-called symmetric operator spaces (see e.g. ESI US] ) ■ We briefly recall relevant 
definitions (for more detailed information we refer to |16j and references therein) . 

Let Lq be a space of Lebesgue measurable functions either on (0, 1) or on (0, oo), 
or on N finite almost everywhere (with identification m— a.e.). Here m is Lebesgue 
measure or else counting measure on N. Define S as the subset of Lq which consists 
of all functions x such that m({|x| > s}) is finite for some s. 

Let £ be a Banach space of real-valued Lebesgue measurable functions either 
on (0, 1) or (0, oo) (with identification m— a.e.) or on N. The space E is said to be 
absolutely solid if x £ E and \y\ < \x\, y £ L implies that y £ E and ||y||_E < |a;||_E- 

The absolutely solid space E C S is said to be symmetric if for every x £ E and 
every y the assumption y* = x* implies that y £ E and \ \d\\e = I \x\ \ e- 

Here, x* denotes the non-increasing right-continuous rearrangement of x given 

by 

x*(t) = inf{s > : m({\x\ > s}) < t}. 
In the case when a; is a sequence we denote by x* the usual decreasing rearrangement 
of the sequence 

If E = E(0, 1) is a symmetric space on (0, 1), then 

Loo C E C L\. 
If E = E(0, oo) is a symmetric space on (0, oo), then 

L\ n Loo Q E C Li + Loo- 
If E — E(N) is a symmetric space on N, then 

eiCEc too, 

where t\ and loo are classical spaces of all absolutely summablc and bounded se- 
quences respectively. 

Let a semi-finite von Neumann algebra M. be equipped with a faithful normal 
semi- finite trace r. Let x £ S(A4,t). The generalized singular value function of x 
is fi(x) : t — » fj,t(x), where, for < t < t(1) 



Ht{x) = inf{s > | T(e^(s, oo) < t}. 
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Consider Ai = L°°([0, oo)) as an abelian von Neumann algebra acting via mul- 
tiplication on the Hilbert space T-L = L 2 (0, oo), with the trace given by integration 
with respect to Lebesgue measure m. It is easy to see that the set of all r-measurablc 
operators affiliated with Ai consists of all measurable functions on [0, oo) which are 
bounded except on a set of finite measure, that is S(Ai,r) = S and that the 
generalized singular value function /x(/) is precisely the decreasing rearrangement 
/*■ 

If = B{H) (respectively, ^oo(N)) and r is the standard trace Tr (respectively, 
the counting measure on N), then it is not difficult to see that S(Ai,r) = Ai. In 
this case, for x <G S(Ai, r) we have 

fin(x) = fjbt(x), ie(n-l,n], n = 0,I,2,.... 

For Ai = B(H) the sequence {^n(T)}°° =1 is just the sequence of singular values 

Definition 10. Let £ be a linear subset in S(Ai, r) equipped with a norm \\ ■ \\£. We 
say that £ is a symmetric operator space (on Ai, or in S(Ai, t)) if x £ £ and every 
y € S(M,t) the assumption fi(y) < /j(x) implies that y G £ and \\y\\s < \\x\\s- 

The fact that every symmetric operator space £ is (an absolutely solid) Ai- 
bimodule of S (Ai,r) is well known (see e.g. [HI [TB] and references therein). In 
the special case, when Ai = B(H) and t is a standard trace Tr, the notion of 
symmetric operator space introduced in Definition If 01 coincides with the notion of 
symmetric operator ideal given in Definition [6] 

There exists a strong connection between symmetric function and operator spaces 
recently exposed in [TO] (see earlier results in [2"2l 151 1^1 [2^]). 

Let E be a symmetric function space on the interval (0, f ) (respectively on the 
semi-axis or on N) and let M be a type II\ (respectively, IIqo or type T) von 
Neumann algebra. Define 

E(M,t) := {S G S(M,t) : ^(S) G E}, \\S\\ e( m,t) == \\MS)\\e- 

Main results of [TB] assert that (E(M,t),\\ ■ \\e(M,t)) is a symmetric operator 
space. If E = L p , 1 < p < oo, then (E(M,t), \\ ■ \\e(m,t)) coincides with the 
classical noncommutativc L p -space associated with the algebra (M.,t). If Ai is a 
scmifinite atomless von Neumann algebra, then the converse result also holds [2"5] . 
That is, if £ is a symmetric operator space on Ai, then 

E(0, oo) := {/ e S o ((0, oo)) : /* = f i(x) for some x 6 £}, \\f\\ E := \\x\\ £ 

is a symmetric function space on (0, r(l). It is obvious that £ = E(Ai, t). Similarly, 
if E — E{H) is a symmetric sequence space on N, and the algebra Ai is a type / 
factor with standard trace, then (see [1(5]) setting 

£ :={SeM: (s n (S))™ = x G E}, \\S\\ £ := X || B 

yields a symmetric operator ideal. Conversely, every symmetric operator ideal £ in 
Ai defines a unique symmetric sequence space E = E(N) by setting 

E := {a = (a n )~ =1 G ^ : a* = (s n (5))~=i for some S G £}, \\a\\ E := ||5|| £ 

We are now fully equipped to provide a full analogue of Corollaries [3] and [7] 

Corollary 11. Let Ai be a semi-finite W* -algebra and let £ be a symmetric opera- 
tor space. Fix a = a* G S(Ai) and consider inner derivation S = S a on the algebra 
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LS(Ai) given by 5{x) = [a,x], x G LS{M). If 5{M) C £, i/ien i/iere exisis d G £ 
satisfying the inequality \\d\\g < \\6\\m->£ and such that 8(x) = \d,x\. 

Proof. The existence of d G £ such that £(a;) = [d, x] follows from Corollary [8J 
Now, if u € U(M), then = \\du - ud\\e < \\du\\ £ + \\ud\\ £ = 2\\d\\ £ . Hence, 

if x G Mi = {x G M : < 1}, then a; = J2i=i a i u ii where Ui G J7(tV() and 

\oti\ < 1 for i = 1,2,3,4, and so ||5(a;)||£ < J2i=i \\H a i u i)\\£ ^ 8 IMIl£: tn at is 
\\S\\ M ^ e <8\\d\\ £ <oo. 

The final assertion is established exactly as in the proof of Corollary [7J □ 



An illustration of the result above complementing the example given after Corol- 
lary [51 can be obtained when the space E is given by the norm closure of the 
subspacc L\ ("1 in the space L\ + Loo. In this case, the space £ = E(M,t) 
can be equivalently described as the set of all x G L\ + L oq (M. 1 t) such that 
limt-s-oo /ij (x) = 0. This space is a normcd counterpart of the space So (.M , r) 
of all r-compact operators in LS(M). 



4. The outline of the proof of Theorem [T] 

The next two examples demonstrate respectively two main ideas behind the proof 
of Theorem [1] The first example yields the proof for the case when Ai coincides 
with algebra M„(C) of all n x n complex matrices. 

Example 12. The assertion of the Theorem [7] holds for the case Ai = M n (C), 
n G N 

Proof. Fix a = a* G M„(C) and select a unitary matrix v G M n (C) such that 



v av 



Ai 
A 2 







A,, 



G Af n (C), 



where Ai < A 2 < ... < A„. 

Let the unitary matrix u G M n (C) be counter-diagonal, that is 



1 

1 



1 



and observe that 



A„ 
A„_! 



Ai 
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Therefore, 



| [a, vu] | = \u*v*avu — a\ 



\K-M\ 
o 











|Ai-A„| 



If n is odd, then for all 1 < k < n we have 

|Afc — Ki+l-k\ = |Afc — Ao| + |A n+ i_fe — A | 

for Ao = A( n+ i)/ 2 - 

If n is even, then then for all 1 < k < n we have 

|Afc — \ n +i-k\ = |Afc — Ao | + |A n+ i_fc — Ao | 

for every A G [A„/ 2 , A„ /2+1 ]. 

Therefore, for every n£N, we have 

|[i>*au, u]\ = u*v*\a — \ol\vu + v*\a — Aol|t>. 

Then |[a, = \(vuv*)*a(vuv*) — a\ = v\u*v*avu — v*av\v* 

(vuv*)*\a - X l\(vuv*) + \a- A 1|, {vuv*) 2 = 1. 

This completes the proof of the equality © . The second assertion of Theorem 
Q] trivially follows from the first (see Remark [2]). □ 

The idea of the proof of the second part of Theorem[T]is demonstrated in Example 

EH 

Example 13. Let M. he a a-finite factor of type Irx, or II 



v\ \v civ, ul Iv 



Then M. contain 

a family of pairwise orthogonal and pairwise equivalent projections {p n }^Li, such 
that Y^LiPn = 1- Let R + 3 X n J. 0. Set a = X)n=i ^nPn (this series converges in 
the strong operator topology). Using the same arguments as in [3], it is easy to show 
that there is no Ao G C and u G U(M) such that \[a,u]\ > \a — Xq1\. Nevertheless, 
the part (ii) of Theorem\]\ holds. 

Proof. We refer the reader to [3] for the proof of the first assertion and pass to the 
proof of the second one. 

Fix e > 0. For every n € N there exist infinitely many to G N such that 
X m < eX n . Hence, the set N can be split up into the set of all pairs {nk,mk}%%i 
such that A„ lfc < eX nk . For every h ^ 1 , select a partial isometry v nkrn . k such 



that v 



n k m k v n k m k 



P 



p nk . Clearly, the projections p nk ,p mk and 
the partial isometry v nk m k generate a *-subalgebra in M. which is ^-isomorphic to 
M2(C). Without loss of generality, under this ^-isomorphism, we equate 





1 


















1 


Pn k = 








iPm k 





1 


7 v n k m k — 









Next, consider a VF*-subalgcbra of M. generated by the elements Pn k ,P 
k > 1 which we identify with M 2 (C). We have 

oc 



m k , vn k m k ; 



k=l 



An, 

A m , 
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Set 



fc=i 



1 

1 



It clearly follows that 

oo 

IM = 



k=l 



^n k ^m k I 



\^n k ^m k 



>(l-6)© 



k=l 



|A„J 
|A m J 



= (l-e)|a|. 

□ 



The idea of the proof of the Theorem [T] consists in the splitting of the identity 
in M into the sum of three pairwise orthogonal central projections Po,p~,p+ with 
certain properties. For the reduced algebra Mpo the method from example [T21 will 
be applied, and for the reduced algebras A4p- and M.p+ the method from example 
[13] will be adjusted. 



5. The proof of Theorem Q] 

For better readability, we break the proof into the following series of lemmas. 
Until the end of the proof, we fix an arbitrary element a G LSh{M)- 
For projections p,q G P(M) we assume p -<-< q, if pz -< qz for every < z < 
c(p) V c(q), z G P(Z{M)). Set p >~>- q, if q p. 
We recall the following comparison result 

Theorem 14. ^ [151 Theorem 6.2.7]) Let e and f be projections in a von Neumann 
algebra M.. There are unique orthogonal central projections p and q maximal with 
respect to the properties qe ~ qf, and, if po is a non-zero central subprojection of 
p, then poe -< pof ■ If ro is a non-zero central subprojection of 1 — p — q, then 
rof -< r e. 

The following form of the preceding theorem will be more convenient for our 
purposes. 

Theorem 15. Let A4 be a W* -algebra and p, q G P{M). Then there exists a 
unique triple of pairwise orthogonal projections z^,z$,z + G P(Z(A4)), such that 
z- + z n + z + = 1, z-p -<~< Z-q, z p ~ Zoq, z + p >->- z + q. 

Corollary 16. Let M. be a W* -algebra and pi,p2, ■ ■-,p n £ P(M). Then there 
exists a family {z a } ae s n (here, S n is the permutation group of n elements) of 
pairwise orthogonal projections from P(Z(A4)) such that J2aes n Z(J = 1 z <?P<j(i) — 

ZaPa{2) r< — ^ Z<rPa{n) f or ever V <7 G SVi- 

Proof. For every pair of projections pi, pj, i < j we denote by zjj the largest central 
projection such that zjjPi < z}jPj- Then for zfj := 1 — z}j we have zfjPi >->- zfjPj. 
Let *8 be a Boolean algebra generated by all central projections zjj and zfj, 1 < 
i < j < n. Every atom z £ 55 may be uniquely written as 

n— 1 n 

(5) *=n n 4*. 

z—l 

where E {1,2}. Observe that the sum of all elements as in (JFJ) is equal to 1. 
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Fix an atom zeS and define on the set {1, ...,n} a (linear) order < z . To this 
end, we set for any i ^ j, 

i<z3 & ZPi d: ZPJ- 

This definition is correct, since we have z < for i < j or z < z .|* for i > j. 
So, we have zpi ;< zpj or zpi >; zpj. 

Let {ii,...,i„} = {l,...,n}, i\ < z i 2 < 2 •■■ <z in and set cr(fc) = i k , a e 5„. 
Then z = □ 

Let A be a lattice. Subset / C A is called an V-ideal (A-ideal) in A if for every 
s, t e I and u e A, u < s (u > s) we have u £ I and sV t <E I (s At G I) [4] . 

Lemma 17. Let V 6e a complete boolean algebra, let I be a non-zero V-ideal in 
V. T/iera t/iere exists a family {s Q } ae jj C / of pairwise disjoint non-zero elements 
such that \J aen s a = \J I. 

Proof. It follows from the Zorn's lemma that among all families of pairwise disjoint 
non-zero elements from / there exists a maximal one with respect to the inclusion. 
Let {sajagsi be one of these maximal families. It is clear that s := V Q ef2 s " ^ 
V I = t. Suppose s < t. Then there exists v € I such that v ^ s. In this case 
vAs' ^ (by s' we denote the complement to s). Then {wAs'}U{s Q } aS n is a family 
of pairwise disjoint non-zero elements from /. Thus, we have found a contradiction 
to the assumption that {s a } a go is maximal. So, our assumption s < t fails and we 
have s = t. □ 

The algebra (over reals) of all self-adjoint elements from the center of the alge- 
bra LS(Ai) will be denoted by Zf l (LS(Ai)). The latter algebra is a lattice with 
respect to the order induced from LS(A4). As we have already explained in the 
Preliminaries the *-algebra Z{LS{M)) is ^-isomorphic to the *-algebra L°(f2, S, //) 
of all measurable complex valued functions on a measurable space with a locally 
finite measure. This isomorphism yields the assertions of Lemmas 1181 and 1 1 91 below . 

Lemma 18. Let Q := {cj}j 6 j be a family of pairwise disjoint elements from 
Zf l (LS(M)). Then there exists an element c € Zf l (LS(M)) such that cs(cj) = c,- 
for every j £ J. 

Lemma 19. A lattice Zj l (LS(AA)) is conditionally complete. 

Lemma 20. Let p,q,r £ P(A4), p < q, p -< r -<-< q. Then there exists an element 
r\ G P(A4) such that r± ~ r and p < r\ < q. 

Proof. Due to the assumptions, there exists an element p\ e P(A4) such that 
p ~ pi < r. Suppose that (r— pi)z h {q~p)z for some O^ze P(Z(M)), z < c(q). 
Then rz = (r—pi)z+piz >: (q—p)z+pz = qz. This fact contradicts the assumption 
r « q, which yields the estimate rz ~< qz for every < z < c(q) — c(r) Vc(g) (the 
previous equality follows from the implication r -< q =>■ c(r) < c(q)). Hence, from 
Theorem[T51we have that r — pi -< q— p. So, there exists an element ^ p 2 € P(M), 
such that r — pi ~ p 2 < q — p. Then p < p + p 2 < q and p + p 2 ~ Pi + (r — p±) = r, 
where the equivalence p + p 2 ~ Pi + (r — pi) is guaranteed by the implication 

P ~ Pi, P2 ~ r - pi, PP2 = 0, pi(r - pi) = p + p 2 ~ Pi + (r - pi). 



We are done, by letting r± : = p + p 2 . 



□ 
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Lemma 21. Let p be a properly infinite projection in Ai. Then we have 

(i) . If P(M) 3 gi, q n , ■ ■■ d P, q n q m = for n ^ m, then V/^Li ?« d P- 

(ii) . IfP(M) 3 qi, ...,q n -<-< P, = for i ^ j, f/ien N/iLi * P- 
(m,). If p ^ 1 - p, £/ien p ~ 1. 

(iv). If P(M) 3 q -<-< p, qp = pq, then p(l — q) ~ p. 

(wj. // g G P(.M) is a /imie projection, P{M) 3 p„ t P a»i<f z n € P(Z(.M)) are 
such that (1 — z n )p n < (1 — z„)a, /or a/Z neff, i/ien V^Li z « — c (p)- 

fwj. IfP{M) 3q n tq ^ P, Zn € P{Z(M)) and (1 - z„)p h (1 - z n )q n for all 
n € N, £/ien V^Li 2 « > c (p)- 

Proof, (i). Since p is a properly infinite projection then there are pairwise disjoint 
projections pi, ...,p„, ... G P(A4) such that p = V^LiPm Pn ~ P f° r an ?t- G N. 
Then p„ ^ g„ for every ?i G N. Hence, p = V^Li P« h V^=i 9n- 

(ii) . It follows from Corollary [T51 that there exists a family {-Zo-lo-es,, of pair- 
wise orthogonal projections in P(Z(A4)) such that Eo-es z a = c(p), z a q a (Vj ^ 
z oq a {2) ^ ■■■ ^ z o-Qa(n) f° r au °" €E We shall consider only those elements 
o G £„, for which z a ^ 0. If z <7 q a ^ n ) is a finite projection, then Vj=i z <j1<y(j) ^ s a l so 
finite and Vj=i z <r1a(j) P z a- Indeed, it follows from (i) that Vj_i z o1<?(j) — P z <j- 
Moreover, we have pz a is a properly infinite projection. So, there does not exist 
central projection < z < z a , such that\/™ =1 zc[a(j) that V?=i ~ P^ 
since, in this case, we would have that ^ pz is finite. If z a q a ( n ) is a properly 
infinite projection than, according to (i), V"=i z T < l<y{3) ^ z <r<la(n) P z <t- Hence, 

Vr=i % = VlLi E ff es„ = Eaes,, V?=i ^^(i) -<-< E<xe,s„ V*a = P- 

(iii) . Since, 1 = p + (1 — p), the estimate 1 r< p follows from (i). 

(iv) . We have p = qp + (1 — g)p, qp < q -<-< p. Suppose (1 — ojpz -<-< for 
some / z e P(Z(,M)). Then, according to (ii), p -<-< p, which is false. Hence, 
(1 — q)p y P- So, since (1 — q)p < p, we conclude (1 — q)p ~ p. 

(v) . Let z := f\^ =1 (l — z„). Then, it is clear, z < 1 — z n . We shall now use a 
well-known implication 

(6) e^/,z£ P(Z{M)) ze r< z/. 

By the assumption, we have (1 — z n )p n ■< (1 — z n )o/ and therefore, by ([6]) zop n = 
zo(l ^ z n )p n ^ zo(l — z„)g = zoq for all u e N. Then all projections zop n are finite 
and it follows from Chapter V, Lemma 2.2) that z p ^ z g. In this case ZoP 

is a finite projection. Since p is a properly infinite projection, we conclude zop = 0. 
The latter trivially implies that p(l — zq) = p and since c(p) < 1 — Zq, we also 
obtain Zqc(j>) = 0. So, 

oo 

(1 - c(p)) V V/ z„ = (1 - c(p)) V (1 - z ) = 1, 

n=l 

in particular, V/^Li z « ^ c (p)- 

(vi) . Let zo := A^°=i(-'- — Then, from the conditions 1 — z„ > zo, (1 — z„)p ^ 
(1 — z n )q n we have zop ^ zoq n for all n G N. So, it follows from (i) that zop = or 
z oP h z oqi + V^Li( z o<?n+i — z oq-n) = z oq- However, due to the assumption q>~>- p, 
the estimate zop h z oq can hold only when zoc(q) = 0. Since c(p) < c(q), we have 
zqc{p) = in any case. Hence, VnLi z « = 1 ~ z o — c (p)- ^ 



Let c G -Z^L^CM)). We set 
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e°(-oo, c) := s((c - a)+), e°(c, +00) := s((a - c)+), 

e"(— 00, c] := 1 e°(c, +00), e"[c, +00) := 1 - e"(— oo,c). 

Observe that all the projections defined above belong to a commutative W*~ 
subalgcbra of Ai, generated by Z(Ai) and spectral projections of the element a. 
Having this observation in mind, for any ci,c 2 £ Zh(LS(A4)), such that c\ < C2, 
we set 

e°[ci,c 2 ) := e"(-oo,c 2 )e°[ci,+oo), e"(c 1 ,c 2 ] := e"(-oo, c 2 ]e"(ci, +00), 

e"[ci,c 2 ] := e"(-oo,c 2 ]e"[ci,+oo), e"(ci,c 2 ) := e"(-oo, c 2 )e"(ci, +00). 
Finally, we set 

e a z {c} = e a z [c,c}. 

Observe that our spectral measure is analogous to the construction given in |101 
Definition 2.4] (for the case of unbounded locally measurable self-adjoint operator). 

Lemma 22. Fix c 6 Z h (LS(M)). 

(i) . Ifc\,C2 € Zh{LS{M)), c\ < c 2 then e z (— 00, c±) < e"(— 00, c 2 ) and e"(ci, +00) > 
e°(c 2 ,+oo); 

(nj. If z e P(Z(M)) then e z (— oo,c)z = e"(— oo,cz)z = e"*(— 00, az)z and 
e°(c, +oo)z = e"(cz, +oo)z = ej z (cz, +cx))z; 
(to,). ae°(— 00, c] < ce°(— 00, c]; 
f«uj. ae"[c, +00) > ce z [c, +00); 
fuj. ae°{c} = ce°{c}; 

(wj. 7/ {c a } aeI C Z ft (L5(M)) and c = \J aeI c a then \J aeI e a z (-oo, c a ) = 
e a z (-oo,c); 

(vii). If {c a } aeI C Z h {LS(M)) and c = /\ 

a £i c a then V ag/ e"(c Q , +00) — 

e a z (c,+oo). 

Proof, (i). Since c\ — a < c 2 — a, then s((ci — a)+) < s((c 2 — a) + ) and s((a — Ci) + ) > 
s((a-c 2 )+). 

(ii) . e°(— 00, c)z = s((c — = s((cz — a)+)z = s((cz — az)+)z. The second 
set of equalities is proven in the same way. 

(hi), (c — a)e z (— 00, c] = (c — a)(l — e"(c, +00)) = (c — a) + (a — c)s((a — c) + ) = 
(c — a) + (a — c) + = (a — c)_ > 0. 
The proof of (iv) is the same. 

(v) . From (hi) and (iv) we have that ae z {c} < ce a z {c\ ae z {c} > ce z {c}. Hence, 
ae a z {c\ = ce a z {c}. 

(vi) . Since, (1 - e°(- 00, c))(c a — a) < (1 — e®(— 00, c))(c — a) < then 1 - 
e°(— 00, c) < 1 — e"(— 00, c Q ) or e°(- 00, c Q ) < e"(— 00, c) for every a & I. Let g = 
e"(— 00, c) — V Q e/ e "( — °°j c q)- Then (c — a)q > 0. On the other hand, (c a — a)q < 
for every a € I. Hence, (c — a)q = \J aeI (c a — a)q < 0. Then (c — a)g = 0. So, 
q = since g < s((c — ct)+) and q commute with c — a. 

(vii) . Since c < c Q , then e"(c a ,+oo) < e z (c, +00) for every a & I (see the 
beginning of the proof of (vi)). Let q = e z (c,+oo) — \/ aeI e z (c a , +00). Then 
q(a — c) > 0. On the other hand, q(a — c a ) < for every a £ I. So, q(a — c) = 
Vqg/ l( a ~ Ca ) — 0- Hence, q(a — c) = and (7 = 0. □ 
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Lemma 23. There exists an element c 6 Zh(LS(M)) such that 
(7) pe a z (~oo, c) < pe a z {c, +oo), Vp G P(Z(X)), p > 0. 

Proof. Since a G LSh(M), there exists a set of pairwise disjoint projections {p n }£Li 
from P(Z(yV()) such that \l^ =1 p n = 1 and ap„ G <Sti(.M) for every n G N. Without 
loss of generality, we mayassume a G ^(.M). Indeed, if for every ap n , n > 1 there 
exists an element c' n ' G Zh(LS(Mp n )), satisfying (JT]), then, by Lemma [T51 there 
exists an element c G -^(LS^A!)) satisfying cp„ = c'™^p„, n > 1 and ((7|). So, we 
may (and shall) consider only the case a G Sh{M.). The latter assumption guaran- 
tees that there exists a scalar Ai 6 R such that e a (— oo,Ai) is a finite projection. 
Let {X n }^ =1 C M, A„ | -co. By the spectral theorem, we have e a (— oo,A n ) 4- 0. 
For every net) set 

oc 

?™ := \/{ r G P ( Z ( M )) : re a {-w, A„) ^ re a {X n , +oo)}, g := /\ q n . 

n=l 

Fix n and let k tend to infinity. Then qe a (— oo, A„+fc) >; qe a (A„ + fc, +co) > qe a (A„, +co). 
Since all projections qe a {— oo, A„+fc) are finite and qe a (— co, A„+fc) J. 0, we have 
<7e a (A rl , +oo) = for every n G N ([2], Lemma 6.11). On the other hand, e a (A„, +oo) t 
1. So, ge a (A„, +oo) t Hence, q = 0. Then V^=i(l - ?«) = 
Let 

n+1 n 

ri := 1 gi, r n+ i := y (1 - %) - \J {1 - q k ), n > 1. 
fc=i fc=i 

Then projections r„, n > 1 are pairwise disjoint, V^Li r « = 1> r « — 1 — <7n f° r au 
n G N. It follows from Lemma [T8l that there exists an element c G Zh(LS(A4)) 
such that cr„ = X n r n . 

Let ^ p £ P(Z(.M)). It follows from Theorem [T5l that p = e\ + e 2 , where 
ei,e 2 G P(Z(.M)), eie°(-oo,c) -< eie°(c, +oo), e 2 e2(-oc,c) ^ e 2 e^(c, +oo). In 
this case, using Lemma [2"27 ii) . we obtain 

e 2 r„e a (-oo, A„) = e 2 r„e a (-co, \ n r n ) = e 2 r„e" (-oo, cr„) 

= e 2 r„e°(-oo,c) h e 2 r„e°(c, +oo) 

= 62r n e°(cr„, +oo) = e 2 r„e a (A„r„, +oo) 

= e 2 r n e°(A„, +oo) 

for any n G N. Due to the definition of the projection q n , we obtain e 2 r„ < q n . 
Hence, e 2 r„ = (since e 2 r„ < r„ < l-q n ) for every rt G N. So, e 2 = V^=i e 2 r « = 0. 
Hence, p = e\ and pe°(— oo, c) -< pe°(c, +00). □ 

Set 

A_ := {c G Z h (LS{M)) : pe a z {-oo, c) ~< pe a z {c, +00), Vp G P(Z(M)), p > 0}, 
A+ := {c G Z h (£5(A<)) : pe a z (-oo, c) y pe a z {c, +00), Vp G P(Z(M)), p > 0}. 
It follows from Lemma [23] that A_ 7^ 0. The proof that A + ^ is similar. 

Lemma 24. c(e°(c, +00)) = 1 /or every c G A_ and c(e"(— 00, c)) = 1 /or every 
c G A+. 

Proof. Let c G A_. Suppose p = 1 — c(e"(c, +00)) > 0. Then = pe z (c, +00) >- 
pe°(— 00, c) > which means > 0. This contradiction shows p = 0. 

The proof of the second part is similar. □ 
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Lemma 25. A_ is a V '-ideal and A+ is a A-ideal in the lattice Zh(LS(A4)) . 

Proof. We will show only that A_ is a V-ideal in Zh(LS(M)). The proof of the 
second part is analogous. 

Let ci,C2 € A_. If ci > c G Zh(LS(M)) then from Lemma [22] (i) and the 
definition of A_ we have pe"(— oo, c) < pe"(— oo,ci) -< pe"(ci, +oo) < pe"(c, +oo) 
for every 0^eP(Z(M))."So, c£ A_. 

We set g := s((c2 — Ci) + ) and observe that q G P(2(jVf)), and that qc\ < 
qc 2 , (1 - q)d > (1 - g)ca. Then Cl V c 2 = (1 - g)ci + gc 2 . Let ^ p G P(Z{M)). 
Then, from Lemma |2"21 (ii) we have pe"(— oo, Ci V c 2 ) = p(l — q)e"(— oo,Ci) + 
pge"(— oo, c 2 ). In this casep(l — g) = or p(l — g)e"(— oo, ci) -< p(l — g)e"(ci, +oo). 
So, pg = or pge"(— oo,c 2 ) -< pge"(c 2 , +oo). Hence, in both cases we have 
pe°(— oo, ci V c 2 ) = p(l - g)e°(— oo, ci) + pge"(-oo, c 2 ) -< p(l - g)e"(ci, +oo) + 
pge"(c 2 , +oo) = pe°(ci V c 2 , +oo). Hence, c\ V c 2 G A_. □ 

Lemma 26. Lei ci G A_, c 2 G A+. Then pci < pc 2 /or every 7^ p G P(Z(A4)). 

Proof. Suppose a contrary. Then pci > pc 2 for some 7^ p G P(Z(A / J)). In this 
case, 

pe°(— 00, ci) = pe"(— oo,pci) (by Lemma [22] (ii) ) 

> pe°(— 00, pc 2 ) (by Lemma l22l (i) ) 
= pe a z ( - 00 , c 2 ) (by Lemma [221 (i) ) 
>- pe"(c 2 , +00) (by the definition) 

= pe°(pc 2 , +00) (by Lemma [22] (ii) ) 

> pe a z (pci , +00) (by Lemma [22] (i) ) 
= pe"(ci, +00), (by Lemma [221 (ii) ) 

which is not true since c\ G A_. □ 
Due to Lemmas [19] and [26] we can now set 

c := Y/ A - e Z h {LS{M)) 
and apply again Lemma [2H to infer that Co < c for any c G A + . 
Lemma 27. co — el G A_ for every e > 0. 

Proof. Suppose a contrary. Then there exists a projection < p G P(Z(M)) such 
that pe a z {— 00, co — el) >: pe"(co — el, +00). Choose an arbitrary element c G A_. 
We shall show that pc < p(co — el). If it is not the case, then P(Z(A4)) 3 q := 
s((p(c — el) — pc)-) > 0, q < p i gc > g(c - el). Then 

ge"(— 00, Co — el) = ge°(— 00, g(co — el)) (by Lemma 1221 (ii) ) 

< ge°(-oc, gc) (by Lemma |2"21 (i) ) 

= ge°(— 00, c) (by Lemma [22] (ii) ) 

-< ge"(c, +00) (by the definition) 

= ge°(gc, +00) (by Lemma 1221 (ii) ) 

< qe a z (q(c - el), +00) (by Lemma EH (i) ) 

= ge°(c - el, +00) (by Lemma [22] (ii) ) 
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On the other hand, qe z (— co, Co — el) >; ge"(co — el, +00), since pe z (— 00, co — el) >z 
pe z (co — el, +00) P(Z(M j) 3 q < p. However the inequalities qe z (— 00, Co — 
el) -< qe z (c — el, +00) and ge"(— co,co — el) >z qe z (c — el, +00) cannot hold 
simultaneously. Hence, q = Oand so pc < p(cq — el). The latter implies (p(co — 
el) — pc)- = 0, that is pco < p(co — el), since cq = V A-. Hence, p = 0. However, 
this contradicts with the choise of p > 0. □ 

Lemma 28. The inequality pe"(— 00, co + el) >z pe"(co + el, +00) holds for all 
e > and 7^ p G P(Z(7W)). 

Proof. Suppose a contrary. Then by Theorem [15] there exists a projection < 
p G P(Z(M)), such that for every g G P(Z(M)), < g < p the inequality 
qe z (— 00, Co + el) -<! qe z (c + el, +00) holds. Let c G A_. Put ci = c(l — p) + 
(cq + el)p. Then ci G A_. Hence, there exists a projection < r G P(Z(.M)) such 
that re°(— oo,ci) >: re"(ci, +00). Thus, r(l — p)e"(— 00, c) >: r(l — p)e"(c, +00) 
and, therefore, r(l — p) =0. Also, rpe°(— 00, Co + el) >; rpe z (co +el,+oo) and, 
therefore, rp = 0. It follows that r = r(l — p) + rp = 0. Hence, c\ G A_. However, 
Ci ^ Co- This contradicts to the definition of cq. □ 

Let us consider the set 



Po :={p G P(Z(M)) : 3c p G Z h {LS{M)) t q P ,r p G P(M) : 

Sp, r p < pe a z {c p }, q p r p = 0, pe°(— 00, c p ) + g p — pe z (c p , +00) + r p } 

and set 

Po := \/ P o- 

Lemma 29. Po is a \/ -ideal in the Boolean algebra P(Zh(A4)) and po G Po, i/iai 
wfl,=p P(2fc( J M)). 

Proof. Let p G Po, p > e G P(Zh{M.)) and let c p ,q p ,r p are exactly the same like 
in the definition of Po. Then by letting g e := q p e,r e := r p e,c e := c p one can 
see that these projections satisfy the condition in the definition of Po. Indeed, 
we have q e r e = eq p r p e = 0, q e ,p e < epe%{c p } = ee°{c e }, ee"(-co,c e ) + q e = 
e(pe z (-oo, c p ) + q p ) ~ e(pe z (c p , +00) + r p }) = ee a z (c e , +00) + r e }. Hence, e £ P . 

Let ei, e2 G Po eie2 = 0. Due to the definition of Po, we know of the existence 
of q ei ,r ei G P{M), c ei G Z h (LS(M)) such that q ei ,r ei < e l e a z {c £i }, q Bi r ei = 
0, e,e2(-oo, c 6j ) + q Bi ~ e;e"(c ei , +00) + r ej i = 1,2. Let c ei + e2 = c ei ei + 
c e2 e 2 . Then c ei+e2 e l = c 4 ej, i = 1,2. So, we have q ei + q e21 r ei + r e2 < {e\ + 
e 2 )e^{c ei+e2 }, (g 61 + q e2 )(r ei + r e . 2 ) = 0, (ei + e 2 )e°(-oo, c ei+e2 ) + (g ei + g e J ~ 
(ei +e 2 )e°(c ei+e2 ,+oo) + (r ei +r e2 ). So, ei + e 2 G P . 

Let now ei, e 2 G Po. Then e\ V e 2 = ei + e 2 (l — ei) G Po, since ei[e 2 (l — ei)] = 
and e 2 (l — ei) G Po- Hence, Po is a V-ideal in the Boolean algebra P(Zf l (M)). 

It follows from Lemma [T7l that there exists a family {e^}^/ of pairwise disjoint 
projections from P such that \J ieI ei = po- Since, G Po, there are elements 
c ei ,q ei ,r ei . It follows from Lemma [TBI that there exists c Po G ^(LS'(A^)) such 
that c Po s(c e J = c ei for every i £ I. Let g Po = \J ieI q Cl , r po = \J ieI r ei . From the 
definition of projections g Po , r po above, we have 

q P0 ,r P0 < \f eie a z {c et } =p e a z {c po }. 
iei 
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Furthermore, since eiej = for all i ^ j, we also have g^fe = Qeife, = and 
therefore 

1po r Po = V qe < V Te - = V 9e * re < = °- 

iel i£l i£l 

Thus, we have 

p e a z (-oo,c P0 ) + q Pa = Y[eie"(-oo,c ei ) +q et ] 
iei 

~ \/ &e a z(ce,, +oo) + r Ci ] = p Q e z (c Pa ,+oo) + r P(n 
iei 

in other words, p £ Pq- □ 

Lemma 30. Suppose po = 1. Then there exists an element u £ U(M) such that 
| [a, u]\ — u*\a — c\u + \a — c|, u 2 = 1, where c — c Po £ Zh(LS(A4)) is from the 
definition of the set Pq for the element po- 

Proof. Set p = q Po ,q = r po and r := 1 — (e"(— oo, c) + p + e"(c, +oo) + q). Then 
Vt1i t < e"{c} and so ap = cp, aq = eg, ar = cr. We claim that there exists a self- 
adjoint unitary element u such that w(e"(— oo, c) + p) = (e"(c, +oo) + g)u, wr = r. 
Indeed, since e"(— oo, c) + p ~ e"(c, +oo) + g, there exists a partial isometry v such 
that u*u = e"(— oo, c) +p, ot* = e"(c, +oo) + g. Set it := u+w* + ?*. We have u*u = 
e z (— oo,c)+p + e z (c,+oo) + q + r = 1, uu* = e z (c,+oo) + q + e z (-oo,c)+p + r = 1, 
u* = v* + v + r = u. This establishes the claim. It now remains to verify that @ 
holds. 

To this end, first of all observe that the operators a and u*au commute with the 
projections e"(— oo, c) + p, e°(c, +oo) + q and r. This observation guarantees that 

(u*au — a)(e"(— oo, c) + p) = \u*au — a\{e a z {— oo, c) + p), 
(a — u* au){e c z {c, +oo) + g) = \u*au — a|(e"(c, +oo) + q) 

and so 

|u*au — a|(e"(— oo, c) +p) = it*a(e°(c, +oo) + q)u — a(e a z {— oo, c) +p) 

= M*a(e°(c, +oo) + q)u — cu*{e a z {c, +oo) + q)u 

+ c(e°(-oo, c) + p) - o(eJ(-oo, c) +p) 

= u*\a(e a z (c, +oo) + g) - c(e a z {c, +oo) + 9 )|u 

+ |c(e£(-oo, c) +p) - a(e°(-oo, c) +p)| 

= u*\a — c|u(e°(— oo, c) + p) + \a — c|(e"(— oo, c) + p). 

Similarly, 

|w*au — a|(e"(c, +00) + q) = — u*a(e z (— 00, c) + p)it + a(e z (c, +00) + g) 

= — (u*a(e"(— 00, c) + p)u — cu*(e"(— 00, c) + p)u) 

- c(e a z (c, +00) + q) + a(e a z (c, +00) + q) 

= u*\a- c\u(e z (c, +00) + q) + \a - c|(e"(c, +00) + g). 

Finally, (u*au — a)r = cr — cr = 0, that is, \u*au — a\r = 0. We now obtain (|2|) as 
follows 
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\u*au — a\ = \u*au — a|[(e"(— oo, c) + p) + (e"(c, +00) + q) + r] 

= \u*au — o|(e"(— 00, c) + p) + \u*au — a|(e"(c, +00) + g) + |u*au — a|r 
= {u*\a - c|« + |a - c\)[(e a z (-oo, c) + p) + (e£(c +00) + g) + r] 
= w*|a — c]it + \a — c|. 

□ 

It follows from Lemma I3U1 that if po = 1, then the part (i) of Theorem [T] holds. 

Lemma 31. Let p G P(Z{M)) be a finite projection. Then p < po- 

Proof. The case p = is trivial. So, we assume p > 0. The algebra M.p has a faith- 
ful normal centervalued trace r such that r(p) = p |15j . Then -r(pe"(— cxd, c)) < 
r(pe"(c, +00)) for every c G A_. Since r is normal, using Lemma 1221 (vi).(vii) we 
haver(pe^(-c<),co)) =r(pe^(-oo,\/A-)) =r(Vpe^(-oo,A_)) = Vr(pe°(-cxD,A_)) < 
Vr(pe°(A_,+oo)) = r(\/pe°(A_, +00)) = T(pe£(V A_, +00)) = r(pe°(c , +00)) < 
r(pe°[co, +00)). Hence, r(pe"(— 00, Co)) < r(p)/2 = p/2. The same arguments with 
help of Lemma |2"51 yield r(pe"(co + el, +00)) < r(p)/2 = p/2 for every £ > 0. Since 
e°(co, +00)) = V £>0 e z( c o + el. +00), we have 

r(pe£(c , +00)) <p/2. 

By TheoremHH there exist projections pi,P2 G -P(-^(A1)), such that 

P1P2 = 0, pi+p 2 = P, pie"(-oo, c ) ^ Pie°(c , +00), p 2 e"(-oo, c ) y p 2 e a z (c , +00). 

Applying then the inequality above, we have 

Pi > 2r(pie"(c , +00)) =r(pie°(co, +00)) + r(pie°(-oo, c )) + (r(pie°(co, +00)) 

- r(pie"(-oo,co))), 

and, immediately, 

r(pie°(c , +00)) - r(pie^(-oo, c )) < r(pi(l - e°(-oo, c ) - e^(c , +00))) 

= r (Pi e "{ c o})- 

Hence, 

pie"(-oo,co) d Pie°(c , +00) ^ pie"(-oo, c ) +pie"{c }. 

Hence, it follows from Lemma |2T)1 that there exists a projection P(M) 3 pn < 
Pie"{c } such that pn + Pie"(— 00, c ) ~ pie"(c , +00). 

Analogous arguments show that there exists a projection P(A4) 3 p 2 \ < p2e"{co}, 
such that p2e°(— 00, Co) ~ p2e°(co, +00) +P2i- 

Since, p 1 + p 2 — p P1P2 = we have pn + pe°(— 00, c ) ~ pe°(c , +00) + P21. 
Hence, p G Po- D 

In the proof of the following lemma we shall frequently use a well known fact 
that c{q)z = c{qz), Vg G P(M), Vz € P(Z{M)) [H Prop. 5.5.3]. 

Lemma 32. Let p G P(Z(.M)) and Zei .Mp 6e a a-finite purely infinite W* - 
subalgebra in M.. Then p < po. 
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Proof. Suppose p ^ po. Then, without loss of generality we can assume ppo = 0. 
Indeed, since p = ppo + p(l — po), we see that p ^ po p(l — po) > 0. Assuming 
p(l— po) > 0, we observe that the algebra A4p(l— po) is a cr-finite purely infinite W*- 
subalgcbra in Ai. Therefore, if we show that p(l —po) £ -Po, that is p(l —po) < Po, 
then we would also have that p e Po. 

Applying Theorem [T5l to e"(— oo,co) and e°(co,+oo) and setting pi — z_, P2 = 
z + and multiplying z_, z + by p, we obtain P1P2 = 0, p\ + pi < p and so 

Pie°(-oo,co) -<X pie°(c ,+oo), p 2 e"(-oo,c ) p 2 e°(c , +oo), 

and 

(p-Pi -P2)e"(-oo,co) ~ (p-pi -p 2 )e°(c ,+oo). 
Thenp— pi— p2 G Po, and so p— pi— p 2 < Po- Since, ppo = and P1+P2 < p, we have 
Pi +P2 = P- Next, we define the following three projections q~,qo, q+ G P{Z{M)), 
by setting 

9- : = c (e"(-oo, co))(l - c(e a z (c , +oo))), 
<?+ := c(e°(c 0) +oo))(l - c(e£(-co, c )))), g := c(e^(-oo, c ))c(e^(c , +oo)). 
It follows from the definition that 

q-Qo = qoq+ = q+q- =0, q-+q + q + = c(e£(-oo, c )) V c(e a z (c , +oo)). 
Next, we have for i = 1,2 

c(goP»e°(-oo,c )) = g P*c(e°(-oo,c )) = 
= qoPi = qoPic(e a z (c ,+oo)) = c(g Pie"(c , +oo)). 

Hence, 

q p l e z (~oo, c ) ~ g fte"(c , +oo) 

and 

9oPe°(-oo, c ) ~ q pe a z (c , +oo) 
(see [5U] Proposition 2.2.14). The preceding estimates imply that goP £ P) (indeed, 
it is sufficient to set c qaV = cq, r qoP = q qoP = 0), and hence gop < Po- Since, gop < P 
and ppo = we have goP = 0. It is clear that p\q- = (or pig_e"(— oo, cq) -< 
Pig_e"(c , +oo) = 0). Analogously, p 2 g+ = 0. 

From Lemma |2"51 we have pe z (— oo,cq + el) yy pe z (c + el, +oo) for every 
e > (if P{Z(M)) 3 q < p and gej(-oo, c + el) ~ ge°(c + el, +oo) then q G P . 
Hence, g = 0). Applying Lemma [Ml to the element op in the algebra A-lp, we obtain 
c(pe z (— oo,co + el)) = p. Then pe"(co + el,+oo) = for every e > 0. Setting 
r := pe"(co+el, +oo) > and observing that pe z (— oo, c +el) yy pe z (c + el, +oo) 
and c(r)p = c(pe z (co + el, +oo)), we have 

(8) c(r)pe°(-oo, c + el) y c(r)pe z (c + el, +oo). 

Next, we observe that 

c(c(r)pe"(— oo, c + el)) = c(r)c(pe"(-oo, c + el)) 

= c(r)p = c(rp) = c(r). 

Thus, we have 

c(c(r)pe"(-oo, c + el)) = c(r) = c(c(r)pe"(c + el, +oo)) 
which however is a contradiction with © in view of [501 Proposition 2.2.14]. 
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Hence, pe°(co,+oo) = \J £>0 pe^(co + el,+oo) = 0. Since pi < p, we have 
pie"(co,+oo) = 0. Using the assumption pie"(— oo,co) -<-< pie"(co, +oo), we ob- 
tain pi = 0. 

Next, for every c G A_ we have by the definition of A_ that either p2<7-e"(— oo, c) = 
0, or else p29-e"( — oo, c) p2Q , -e"(c, +oo). In the first case, taking the supremum 
and appealing to [HI Prop. 5.5.3], we have 

Piq- = P29-c(e°(-oo, c )) = c(p 2 g_e"(-oo, c )) = 0. 

In the second case, assuming P2Q- ^ 0, we obtain that M.p2q~ is a purely infinite 
cr-fmitc iy*-algebra. Hence, using the same argument as in the previous paragraph, 
we have p2q-e a 7 {— oo, Co) = 0. So, we have obtained a contradiction with the choice 
of p2- Indeed, we assumed that p2e"(— oo, Co) >->- p2e"(co, +oo) and defined g_ so 
that P2I- < P2- Hence, P2<7- = 0. Since we have already shown that p = pi +P2, 
we can now write 

p(c(e°(-oo, c )) V c(e°(co, +00))) = (pj + p 2 )(g- + 9o + 9+) = 0. 

Let q = pe^{co}. Then aq = c$q and qe%(— 00, Co) = qe a z q [~ 00, qc ) = s((c <7 — 
a<7)+) = and, in the same way, <jeJ(co, +00) = 0. Hence, q £ Po and (7 < po- Since 
<7 < p and ppo = 0, we infer q = 0. Again appealing to [HI Prop. 5.5.3], we obtain 
pc(e^{c }) = 0. Hence, p = p(c(e«(-oo, c )) V c(e°(c , +00))) V c(e^{c })) = 0. 
Then .Mp = {0}, which contradicts with the lemma's assumption. Hence, p < 
Po- □ 

Let q £ P(Z(M)) and suppose 

ge°(-oc, c ] = ge"(-oo, c ) + qe a z {c } ~ ge"(co, +00). 

Then setting c q :~ Co, q q :~ ge"{co}, r q :— we see that q £ Pq and therefore q < 
Po- So, there exist projections p + p_ G P(Z(A^)) (which may be null projections), 
such that 

P- +P+ = 1 - Po, P-P+ = 0, 

and 

p+e"(-oo,c ] y>- p+e"(c , +00), p_e"(-oo,c ] -<X p_e"(c , +00). 
By Lemma [3~Tl the following implications hold 

p_ 7^ (resp. p+ 7^ 0) => p-M. (resp. P+.M) is a properly infinite iy*-algebra. 

Lemma 33. For every q £ P(Z(M)), < q < p + , we have qe z (— 00, Co) >- 
ge£[c ,+oo). 

Proof. Firstly, we show that p + e z (— 00, Co) h P+e°(co, +00). If this fails then there 
exists an element / q £ P(Z(Mp+)) such that 

ge°(-oo,co) -< ge"(c ,+oo). 

On the other hand, we have 

ge°'(-oo,c ] >->- qe a z (c , +00). 

Indeed, to see the preceding estimate, let < r < q. Then we have r < p + = 
p + e"(— 00, co] Vp + e"(co, +00), and it follows from the definition of the symbol 'V?-" 
that re z (— 00, Co] >~ re"(co,+oo). By Lemma 1201 we have that qe z (co,+oo) ~ 
qe z (— 00, cq) + r, where r £ P(Z(M)q) and r < qe"{co}. In this case, setting 
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c q := Co, q q := r, r q := we obtain q G Pq and so g < po. Thus, q < poP+ = 0. 
This contradiction shows that 



Let us now consider projections p_|_e"(— oo, Co) and p+e"[co, +oo) in the algebra 
p+AL In the notation of Theorem IT51 applied to the algebra p+M., we intend to 
prove that z_ = zq = and so z + = p+. Suppose that there exists < r < p+, 
r e P(Z(M)) such that re"(-oo,c ) ~ re z [c , +oo) = re°{c }+re"(c , +oo). Then 
r < Po an d therefore r < p+Po = 0. This shows that z = 0. Next, we shall show the 
equality z_ = 0. Supposing that z_ > 0, we have z_e"(— oo,c ) -< z_e"[co, +oo). 
Then z_e"[c , +oo) = Pi+p 2 , where pi,p 2 € -P(-M), pip 2 = 0, pi ~ z_e"(-oo, c ). 
From p + e"(— oo, Co) ^ p+e°(co, +oo) it follows that z_e"(— oo, cq) >z z-e z (co, +oo). 
Then, by Lemma [20l we know that there exists some q G P(Aiz-), such that 
z_e"(— oo, co) ~ z_e°(co, +oo) + </ and q < e°{co}^-. Hence, z_ G Po, i-c. Z- < po- 
Therefore, z~p+ = and z- = 0. This contradiction completes the proof. □ 

Lemma 34. ge°(co, Co + el] >- qe z (—oo, Co] + ge"(c + el, +oo) for every e > and 
every q G P(Z(M)), < q < p_. 

Proof. Suppose, there exists < p G P(Z(Mp-)) such that pe"(co,co + el] _^ 
pe z (— oo,co] + pe z (co + el,+oo). By the assumption the projection p_ 7^ and 
hence it is properly infinite (see the implication preceding Lemma I33[) and since 
p < p_, we conclude that p is also properly infinite. Due to Lemma [5T] (iii), we 
have pe z (— 00, c ] + pe z (c Q + el, +00) ~ p. However, pe a z {— 00, c ] pe z (c , +00). 
Hence, pe°(— 00, Co] -<~< p, and by Lemma |2"T1 (ii) we have pe°(co + el, +00) ~ p 
(indeed, otherwise, we would have had pe°(— 00, Co] +pe°(co + el, +00) -< p). Next, 
it follows from Lemma [27] that pe°(— oo,co + el) >: pe z (co + el, +00), that is 
pe"(— 00, Co + el) ~ p ~ pe z (co + el, +00). Then p < po. Which is a contradiction 
with the assumption < p < p_ . □ 

In the case when p + = 1, it follows from Lemma [551 that Co G A + and therefore 
in this case V A_ = Co = f\A + , where the first equality is simply the definition of 
Co. Let us explain the second equality. By Lemma 1261 we have c\ < c 2 for every 
ci G A_, c 2 G A+. Therefore, Co < c 2 for any c 2 G A+. However, Co G A+, and 
hence Co = f\ A + . 

In the case when p_ = 1, appealing to the definitions of p_ and A_ we have 
Co G A_. Moreover, in this case we have by Lemma [M] that e"(co + 2el,+oo) < 
e a z {c + el, +00) -<-< e°(co, c + el] < e°(c , c + 2el) < e£(-oo, c + 2el), that is 
Co + 2el G A + for every e > 0. Then it follows from Lemma [22l (v) that in the case 
p_ = 1, we have V A_ = c = f\ A + as well. Indeed, c = /\ £>0 (co + el) > f\ A + > 
Co- 

Hence, the cases p+ = 1 and p_ = 1 arc symmetric, that is the second case 
may be obtained from the first case using the substitution a —> —a and Co — > —cq. 
Hence, in the sequel we will consider only the case p_ = 1. In this case, the algebra 
M. is properly infinite, since the projection p_ is properly infinite. It follows from 
Lemma [M] that in this case 



(9) 



p+e"(-oo,c ) h P+e a z (c , +00). 



(10) 



qe z (c , c + el] >- qe z (-oo, c ] + qe z (c + el, +00) 



for every e > and every < q G P(Z(M)). 

The following lemma extends the result of [3] Lemma 4] . 
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Lemma 35. Let p,q E P{M), p y q and let one of the following holds: 

(i) . q is a finite projection and there exists a non- decreasing sequence {p n } of 
finite projections in M. such that p n "f p and ap n = p n a for every n E N; 

(ii) . q is a properly infinite projection and ap = pa E Ai. 

Then there exist a projection qi < p in M. such that q\ ~ q and aq\ = q%a. 



Proof. Assume (i) holds. 

Set Ai := {b E Ai : ba = ab} (that is Ai is the commutant of the family of all 
spectral projections of a). Since, p n f P and ap n = p n a for every n G N, we have 
ap = pa. Let A := pAi- Then A is W*-subalgcbra in Ai with identity p. 

First of all, let us show that every atom of algebra A (if it exists) is an atom of 
the algebra Ai. Let e be an atom of the algebra A, < f < e, f G P(Ai). So, if 
g is a spectral projection of a then gf = g(p(ef)) = ((gp)e)f G {0, e}f = {0, e/} = 
{0,/} G Mh- In particular, gf = fg, that is / G A. Hence, / = 0. Consequently, 
e is an atom of Ai . 

Let z n = \J{z G P(Z(M)) : zq ^ zp n }. It is easy to see, that z n f 1 (otherwise 
(1 — V„ z n)q >- (1 — V n We will assume z n q > for every n EN. 

Let us construct a non-decreasing sequence of projections {f n } in -4 such p n z n > 
/„ ~ qz n . Let /o = zq = 0. Suppose that /o, /i, /n-i have been constructed. 

The set {r G P(^4.) : q^n d r : /n-i < ^ < PnZ n } is non-empty (since, it contains 
p„z„) and is contained in the finite W^-algebra (p„ V q)A(p n V g). Let r be a 
center- valued trace on the algebra (p n V 3)^4(p n V g). From the Zorn's lemma and 
the fact that r is normal, we have that this set has the minimal element r$. Suppose 
r(ro) > T(qz n ). Using the Zorn's lemma and the fact that r is normal again, we 
obtain that the set {?* G P(A) : r(r) < r(qz n ), < r < ?'o} has a maximal clement 
n. Then < r(ri) < r(^„) < r(r ). 

We claim that ro — ri is an atom in the algebra A. Suppose there exists e G 
P(A), < e < ro — r\. Then there exists a central projection 2 in the algebra M 
such that z(ri + e) ^ z((7z„), (1 — z)(ri +e) ^ (1 — z)(qz n ). If ze > then P{A) 9 
z(n + e) + (l-z)ri > n, T(z(ri+e) + (l-z)ri) < r(z(gz„) + (1 - z)<?z n ) = r(gz„) 
and if (1 - z)e > then P(.A) 9 zr + (1 - z)(n + e) < r , r(zr + (1 - z)(ri + 
e)) > T(qz n ). The first assumption contradicts the maximality of n, the second 
assumption contradicts the minimality of ro. Hence, ze = (1 — z)e = that is 
e = 0. Hence, ro — ri is an atom of algebra A. 

Hence, ?'o — r i is an atom of algebra M.. 

Since, r(ri) < r(qz n ), we have r\ -< qz n . Hence, there exists a projection 
ei G (p n \/q)M(p n Vg) such that ri ~ e\ < qz n . Then r(qz n — e\) = T(qz n )—T(ri) < 
T i r o ~ r i)i that is qz n — e± -< ro — ri. Since ro — ri is an atom of (p„ V q)A4(p n V g), 
we infer qz n — e\ = 0, which is contradicts to the choice of ei. Then r(ro) = T(qz n ), 
that is ro ~ qz n . We set /„ := ro. 

This completes the construction of the sequence {/ n }ri>i- Let qi := Y/^Li fn- 

Since /„ ~ qz n , f n +i ~ g^n+i and all four projections are finite we have f n +i — 
f n <~ qz n+ i — qz n . Indeed, applying the center-valued trace r on the finite W*~ 
algebra {f n +\ V/„ Vgz„ + i Vgz„)>f(/ n+ i V/„ Vgz„ + i Vgz„) trivially yields r(/ n+ i - 
/») = T~{fn+i) - r(f n ) = r(qz n+ i) - r(qz n ) = r(qz n+1 - qz n ). The latter implies 
immediately f n+ i - /„ ~ qz n+1 - qz n . 

Hence, qi = fiV \C=i(/«+i _ /«) ~ 9 z i v V^Li(^™+i ~ Q z n) = q- 
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Assume (ii) holds. By the assumption there exists a projection q® G M, such 
that q1 < p and g^ ~ g. We set 

oo 

g? := l(a n g?), Vn > 0, Ql := \/ g*. 

k=Q 

We claim that q\ ~ g. Indeed, since gi > g^ ~ g, we have q\ >z g. On the other 
hand, we have g™ ~ r(a™gj ) ) < gj ^ g, which implies g™ ^ g for all n > 0. Now, 
we shall show that in fact gi ^ g. Note that although q is a properly infinite 
projection we cannot simply refer to Lemma l2lTi') since the sequence {q\ }k>o does 
not necessarily consist of pairwise orthogonal elements. However, representing the 
projection gi as 

oo oom m—1 oo m — 1 m — 1 

ft = V«? = £(Vrf-V«f)+«S = E « v V - V 9f) + «?■ 

fc=0 m=l fe=0 fe=0 m=l fc=0 fc=0 

and noting that gj ~ g and 

m — 1 m — 1 m — 1 

9i m V \/ 9i - V 9i ~ 95" - (91* A V «i) ^ 9i* « 

fc=0 fc=0 A:=0 

we infer via Lemma l2lT i) that gi ^ g. This completes the proof of the claim. 

Since ap = pa and gj < p, we have pa n q® = a n pq® = a n q®, and so g™ < p for 
all n > 0. Hence, gi < p. It remains to show that aqi = q\a. The subspacc qi(H) 
coincides with the closure of linear span of the set Q := {a n ($(H) : n > 0}. Indeed, 
setting Qk := a fe g°(iJ), we see that qi(H) = Qk and so Q D <li{H) for every k > 0. 
Therefore, gi(-ff) = UfcLi C Q. Conversely, q\ (H) C qi(H), for every fc > 0. 

Therefore, the closed linear span containing the set \J^ =1 qi(H) contains Q and is 
contained in qi(H). 

By the assumption the operator ap is bounded, and since q\ < p, the operator agi 
is also bounded. Thus, for every vector £ 6 Q, the vector a£ = agi£ again belongs 
to Q. Again appealing to the fact that aq\ is bounded, we infer q\aq\ = aqi. From 
this we conclude that aqi = q\a. □ 

Lemma 36. Let < b £ Z{M.), s(b) = 1; e°(0, oo) be a properly infinite projection 
and c(e"(0, oo)) = 1. Let projection q € P(A^) be finite or properly infinite, c(g) = 
1 cmd g e"(0, oo). Lei 1 3 /i„ | 0. for every n £ N we denote by z n such 
a projection that 1 — z n is the largest central projection, for which (1 — z n )q y 
(1 — z„)e°(/i n o, +oo) holds. We have z n "\ n 1 and for 

oo 

d := [nizi + ^ Hn+l(Zn+l ~ z„)]b 
n=l 

the following relations hold: q -<-< e a z (d, +oo), < d < p\b and s(d) = 1. Moreover, 
if all projections e z ([A n b, +oo), n > 1 are finite then e"(d, +oo) is a finite projection 
as well. 

Proof. Since, e"(/i n +i&, +oo) > e"(fJ, n b, +oo) (by Lemma |2"21 (i)) we have (1 — 
z n +i)q h (1 - z n +i)e"(/in+i&, +oo) > (1 - )e£ (/x n 6, +00) . Hence, z n+1 > z n 
for every n S N. In addition, e z (p n b, +00) f« e 2(0, +00) (by Lemma [22] (vii)) 
and e°(0, +00) is properly infinite projection. Hence, in the case when g is finite 
projection, it follows from Lemma |2~T1 (v) that z n f„ 1. Let us consider the case 
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when q is a properly infinite projection with c(q) = 1 and such that q -<-< e°(0, oo). 
In this case, we apply Lemmal2Tl(vi) with;? = q, q = e"(0, +00), q n = e"(/j, n b, +00) 
and deduce Vrj°=i z « — c (l) = 

All other statements follow from the form of element d. Since, z\d = HiZib, 
(z n +i - z n )d = [i n+ i(z n+ i - z n )b and z n q -<~< z„e°(/z„6, +00) for every n G N. 
Observe also that s{d) = s(b)(zi + ~ z «)) = 1 

Finally, let all projections e"(/x„6, +00), n > 1 be finite. Since dzi = d(z n +i — 
z„) = |U„ + i6(ar n+ i - z„), we have 

e°(d, +oo)zi = e"(fxib, +00)2:1, 

e°(d, +oo)(z n+ i - z„) = e°(/i„ + ib, +oo)(z n+ i - z n ) 

for every n G N. There projections standing on the right-hand sides are finite . 
Hence, e"(d, +00) is finite projection as a sum of the left-hand sides (T5j Lemma 
6.3.6]. □ 

In the proof of the following lemma, we shall use a following well known impli- 
cation 

p«q^zp~«zq, MzEP{Z(M)). 

We supply here a straightforward argument for convenience of the reader. Let 
z' G z G Z(M) be such that < z' < c(pz) V c(qz) = z(c(p) V c(q)). Then 
z' < c(p) V c(q) and therefore z'(zp) = z'p -< z'q = z'{zq). This means zp -<-< zg. 

Lemma 37. Let M. be properly infinite and 

e£(0, il] >->- e°(-oo, 0] + e£(il, +00) 

/or every t > 0. TTien /or every e > i/iere exists an element u e G f/(.A4) sttc/i i/iai 
|[a,u e ]| > (l-e)|o|, u* = l. " 

Proof. Of course, we may assume e < 1. 

Let us observe that c(e°(0, +00)) = 1. Indeed, e°(0, +00) > e°(0,il] ^ 
e"(— oo,0]. Observe that the preceding estimate immediately implies that 

c(e«(0,+oo)) >c(e;(-oo,0]). 

By the definition of elements e"(— 00, c], we have e"(0, +00) V e"(- 00, 0] = 1. 
Consequently, 

c(e£(0, +00)) = c(e*(0, +00)) V c(e£(-oo, 0]) > e°(0, +00) V e°(-oo, 0] = 1. 

We want to show that if d G Z+(L5(X)) and s(d) = 1 then e°(0, d] 
e"(— 00, 0] + e°(d, +00). Indeed, a scmiaxis M + = (0, +00) can be split into count- 
able family of intervals I n = [\ n ,[i n ), n > 1. Then e d (I n ) G P(Z(.M)), and since 
the spectral measure e d is er-additive, we write 

00 

V/ e d (L n ) = e d (0,+oo) = S (d) = l. 

n=l 

Next, assuming that e d (I n ) ^ 0, we have 
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e a z (0,d}e d (I n ) = e a z (0,de d (I n )}e d (I n ) (by Lemma EH (ii) ) 

> e a z (0, \ n e d {I n )]e c \l n ) (by Lemma[22](i) ) 
= e^(0, X n l]e d (I n ) (by Lemma [22] (ii) ) 

y>- (e"(-oo, 0] + e"(A„l, +oo))e d (/„) (by the assumption) 
= (e a z (-oo,0] + e a z (\ n e d (I n ),+oo))e d (I n ) (by Lemma [22] (ii) ) 

> (e*(-oo,0] + e z (d,+oo))e d (I n ) (by Lemma [22] (i) ) 

This inequality implies, in particular, that for such choice of d the projection 
e z (p,d] is properly infinite. 

Next our goal is to construct a decreasing to zero sequence 

{<U£=o C Z+(LS(M)), d < 1, d n+1 < d n /2, s{d n ) = 1 

for all n G N and two sequences {p n }^Lo, {q n }n° = o of pairwise disjoint projections 
in A4, which satisfy following conditions: 

(i) . p n q m = 0, ap n = p n a, aq n = q n a, p n ~ q n for every n,m > 0. 

(ii) . p n < e^(d n ,+oo), q n < e^(-oo, sd n ) for every n > q > e°(-oo,0]. 

(iii) - \ln=oPn V \/r=o9» = 

For any projection p G P(.M) there exists a unique central projection z such 
that is a finite projection and p(l — z) is properly infinite projection and c(p) > 
1 — z (if p is finite projection then z = 1, otherwise the assertion follows from [T5l 
Proposition 6.3.7]). In this case, we have c(p(l — z)) = c(p)(l — z) = 1 — z [H] 
Proposition 5.5.3]. Let z e P(Z(M.)) be such a projection for e z (— oo, 0] and let 
z„ be a such projection for e"(l/n, +oo), n G N. Since the sequence e"(l/n, +oo) is 
non-decreasing, it follows that the sequence {z n }^ =1 is non- increasing. In addition 
we have 1 = (1 - z ) + AJT=i z o z n + z (l - Zi) + VrT=i z o(^„ - z«+i)- Hence, it 
is sufficient to prove the assertion for reduced algebras A^[A^i z z n ], M[z (l — 
zi)], Ai[zo(z n — z n+ i)] and VVf(l — zq). It is sufficient to consider three following 
cases: 

(a) . The projection e"(- oo,0] is finite and all projections e"(Al,+oo) are the 
same for every A > 0. The algebra zoz n ] satisfies this condition. Note that 
in this case the projection e°(0, +oo) is a supremum of non-decreasing sequence of 
finite projections e z (l/n, +oo). 

(b) . The projection e z (— oo, 0] is finite and there exists A > such that the pro- 
jection e°(Al, +oo) is properly infinite and c(e°(Al, +oo)) = 1. Algebras M[z (z n — 
z n+i)] (in this case A=l/(n+l)) and .M[zo(l — z i)] (hi this case A = 1) satisfy 
this condition. 

(c) . The projection e z (— oo,0] is properly infinite and c(e z (— oo,0]) = 1. The 
algebra M(l — z ) satisfies this condition. 

We would like to show that there exists an element do G Z + (Ai), do < 1 such 
that e£(-oo, 0] -<-< e°(d , +oo) s(d ) = 1. 

Consider the case (a). We shall use Lemma [551 To this end, we set b = 1, fi n = 
1/n, q — e"(—oo, 0]. In this case the projection q = e"(- oo, 0] is finite and projec- 
tion e°(0,+oo) is properly infinite and c(e°(0,+oo)) = 1. Hence, the assumptions 
of Lemma [36] hold. Thus, there exists an clement < do G Z(M) such that 
do < 1, s(d ) = 1 and e°(- oo,0] -<-< e°(d ,+oo). 
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In the case (b) wc set do — min(l,A)l. Then e"(— oo, 0] is a finite projection 
and e"(do, +00) is a properly infinite projection. Hence, e"(— 00, 0] -<-< e^(do, +00) 
and s(do) = 1. 

In the case (c) we will use Lemma[36lagain. Set b = 1, [i n = 1/n, q = e"(- 00, 0]. 
We have that q = e"(— 00, 0] is a properly infinite projection, c(g) = 1 and q -<-< 
e°(0, +00). Hence, the assumptions of Lemma [36] hold. So, there exists an element 
< d G Z(A-l) such that d < 1, s(efo) = 1 and e£(-oo, 0] e°(d , +00). 

This completes the construction of the element do- Let us now show that 
there exists a sequence d n E Z + (A4) such that d n < d n -i/2, s(d n ) = 1 and 
e^(d n ,+oo) y>- e°(d„_i, +00) for every n E N. 

Suppose that elements gJi, have been already constructed. 

We are going to use Lemma [36] again. For this we set b = d n , fJ* m = l/(2m), q = 
e"(d„,+oo). In the case (a) q = e^(d n ,+oo) is finite projection. In the cases (b) 
and (c) e^.(d n , +00) is a properly infinite projection, c(q) = 1 and q -<-< e"(0, +00) 
(we have shown this fact at the beginning of the proof). The assumptions of Lemma 
l36lhold. Hence, there exists < d n+ i E Z(A4) such that d n +i < d n /2, s(c?„ + i) = 1 
and e£(dn+i,+oo) >->- e°(d„, +00). 

Thus, we have constructed the sequence {d n } C Z + (LS(M.)) such that d n +i < 
d„/2 and e"(d„+i, +00) >->- e°(d„,+oo), s(rf„) = 1 for every n E N. In addition 
we have e"(do,+°o) >~>~ e z(~oo,0]. 

Set po = e°(do, +00). There exists a projection r E P(A / () such that e"(— 00, 0] ~ 
7' < j»o- By the assumption and using the argument at the beginning of the proof, 
we have e°(0,ec?o] Po, an d so, by Lemma 1351 it follows that there exists a 
projection gJeM such that po — r ~ <?o < e " (0j ec M an d a?o = 9o a ( m the case (a) 
the condition (i) of Lemma [331 is applied and in the cases (b) and (c) the condition 
(ii) is used). Set qg := e"(- 00, 0] + q$. Then qo ~ p . 

Suppose that projections po, ...,p n ] qa,...,q n have been constructed. Set p n +i = 

e°(d n+ i,+oo)nr=o( 1 ~-Pfe)rifc=o( 1 - ft)' In the case (a) all projections p k , qk 
with k < n are finite and e"(0, ed n +i] is a properly infinite projection which is a 
supremum of non-decreasing sequence of finite projections {e"(l/m, ed n +i]}^ =1 . 
Hence, e"(0, ec?„] nl-=o(l — Pfc) rifc=o(l — ft) ^ s a properly infinite projection. It 
follows from Lemma [35] (i) that there exists a projection q n +i E M such that 
Pn+i ~ < e°(0,e(i„ + i] rife=o( 1 nl-=o( 1 - ft) and «9n+i = q,i+\a. 

Let now consider the cases (b) and (c). Recall that in these cases all e"(d n , +00) 
are properly infinite projections. Since J2k=oPk < +00) -<X e"(d n +i, +00), 

by Lemma I2T1 (ii) we obtain that Y^k=oPk + zCfc=o ft e z(^n+ii +°°)- Then 
Pn+i = e a z (d n+1 ,+oo)]Xk =0 (l -Pfc)nLo( 1 - = e2(d„+i,+oo)(l - J2k=oPk ~ 
zCfc=o ft) ^ s a properly infinite projection. It follows from Lemma [5T] (iv) that 
Pn+i ~ e%(d n+1 ,+oo) -<-< e°(0,ed„ + i] - e£(0, ed n+ i] IlLoC 1 ~ Pk) IlLot 1 - ft) 
(we applied Lemma [2T1 (iv) at the beginning and at the end of the chain). So, it 
follows from Lemma [35] (ii) that there exists a projection q n +i E P(A4) such that 
q n+ i < e°(0,ed n+ i] rife=o( 1 ~ Pk) Tl^oi 1 - Ik), q n +i ~ Pn+i and aq n+1 = q n+ \a. 

Thus, projections p n +i and q n +i are constructed. 

It is clear that these projections satisfy conditions (i) and (ii). To check the 
condition (iii) we note that \J^ =0 pk v Vfe=o ft — e z(~ °°j 0] + e"(c?„, +00) f 1 with 
n — > 00. 

Now, we can proceed with the construction of the unitary operator u s E M. from 
the assertion. 
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Let v n G M be a partial isometry such that v n v n = p n , v n v n = q n , n = 0, 1, .... 
We set 

oo oo 

Us = V n + V n 

n=0 n=0 

(here, the sums are taken in the strong operator topology). 
Then, we have 

oo oo oo oo 

u* e u e = y^p n +y^q n = i, u e u* s = y^gn + y^pn = i. 

n— n— n— n— 

Observe that 

u e p„ = g„w e , u £ q„ = p n u £ , ap n = p„a, <7„a = aq n , n > 0, 

and so the element u*au £ commutes with all the projections p n and q n , n > 0. 
Moreover, since for all n > 0, it holds 

ap n = ae a z {d ni +oo)p n > d n e a z {d ni +oo)p„ = d n p n , 

aq n = ae a z (~oo,ed n )q n < ed n e a z (-oo,£d n )q n = ed n q n , 

we obtain immediately for all such n's that 

u*au e p n = u*aq n u e < ed n u*q n u e = ed n p n , 

u*au E q„ = u*ap„u e > d n u*p n u £ = d n q n . 

In particular, (u*au e — a)p n < ed n p n — d n p„ = —d n (l — e)p n < 0. Taking into 
account that ap n > d n p n , we now obtain 

\v* e au e - a\p n = (a - u* e au e )p n > ap n - ed n p n 
> ap n - eap n = (1 - e)ap n 
= (1 - e)\a\p n . 

Analogously, for every n > 0, we have (u*au £ — a)q n > d n q n —sd n q n — (l—e)d n q n > 
0. Therefore, 

\u* e au e - a\q n = (u*au £ - a)q n > (1 - e)d n q n 

> (1 - e)aq„. 

Observe that the inequalities above hold for all n > 0. If 77. > 0, then (7„ < e°(0, ed n ], 
q n a = aq n by the construction and so aq n = \a\q n , that is we have 

\u* £ au £ - a\q n > (1 - e)|o|g n . 

A little bit more care is required when n = 0. In this case, recall that qo = 
e"(—oo, 0]+Qq, where < e z (0,edo]. Obviously, ae z (— oo, 0] < 0, and so ae z (— oo, 0] = 
— |a|e°(— oo, 0]. Therefore since (see above) u*au £ q > d q and ago = ae"(— oo,0] + 
aq^ = — \a\e z (— oo, 0] + a%, we have 

\u* £ au £ — a\qo > {u* £ au £ — a)qo > doqo — aq^ + \a\e z (— oo, 0] 

> d ql - ed Q ql + |a|e°(-oo, 0] = (1 - e)d q^ + \a\e a z {-oo, 0] 

> (1 - e)aq 1 a + |o|e2(-oo, 0] = (1 - e)^ + |a|e»(-oo, 0] 

> (1 - e)(|a|«5 + |a|e;(-oo, 0]) = (1 - e)\a\q . 
Collecting all preceding inequalities, we see that for every k > we have 
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k k 

\u* e au e - a\ 2j(p n + q n ) > (1 - e)\a\ ^(p n + q n ) 

n=0 n=0 

and since X)^Lo(^™ + 9«) = we conclude 

\u* e au e — a| > (1 — £)|a|. 

The assertion of the lemma now follows by observing that \u*au £ — a\ = \ [a, u E ]\. 

□ 

Proof of Theorem^ Prior to Lemma [551 we have shown that the identity 1 € M. 
can be written as a sum of three central projections 1 = po+p- +p+. The assertion 
(i) of Thcorcm[T]holds for the element apo (by Lcmma lBT)]) affiliated with the algebra 
Mpo- The assumptions of Lemma [571 hold for the element (a — Co)p_ in the algebra 
A4p-. Hence, the assertion (ii) of Theorem[T]holds in this algebra. The assumptions 
of Lemma [37] hold for the element (co — a)p+ in the algebra M.p+ as well (see the 
discussion preceding Lemma [35]) . Hence, the assertions (ii) of Theorem [1] holds in 
this algebra as well. 

Next, if M. is finite or purely infinite cr-finite algebra, then by Lemmas 1311 and 
[32] we have 1 £ Po, which implies 1 < po. In other words, we have po = 1 and by 
Lemma [3H1 the assertions (i) of Theorem holds in this case. 

□ 
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